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A NUMERICAL METHOD FOR DETERMINING THE
AEROELASTIC DIVERGENCE CHARACTERISTICS OF UNGUIDED,
SLENDER-BODY, MULTISTAGE LAUNCH VEHICLES"

By Clarence P. Young, Jr.
Langley Research Center

SUMMARY

A theoretical method for analyzing the aeroelastic divergence behavior of unguided,
slender-body, multistage launch vehicles is presented. A rigorous matrix recurrence
solution to the system equations based on a finite-difference approach yields the stability
boundary at which aeroelastic divergence would occur. The stability criterion for accept-
able design is reviewed and results of comparative analytical studies are illustrated.
Secondary influences on aeroelastic divergence, such as thrust and aerodynamic cross-
flow, are incorporated and results of studies to ascertain the significance of these second-
ary influences are included. Example input data are presented and discussed along with
illustrated output results. Comprehensive parameter studies are included to indicate
corrective measures that may be used to avoid aeroelastic divergence.

INTRODUCTION

In recent years, aeroelastic studies have assumed an important role in the design
of launch vehicles. Although considerable work has been done in the investigation of the
flight dynamics and flutter phenomenon of aircraft, there has been a noticeable lag in the
development of rigorous analytical methods for investigating the divergence problems
associated with the flight of unguided, slender-body, multistage launch vehicles. Since
most launch vehicles are designed to perform orbital, probe, and reentry missions, the
dynamic conditions imposed on the vehicle are normally very stringent and require a high
degree of sophistication in the aeroelastic divergence analysis.

*A major portion of the information presented herein was included in a thesis
entitled '""The Development of an Analytical Method for Determining the Aeroelastic
Divergence Characteristics of Unguided, Slender Body, Multistage Flight Vehicles,"
offered in partial fulfillment of the requirements for the degree of Master of Science in
Engineering Mechanics, Virginia Polytechnic Institute, Blacksburg, Virginia, June 1964.



A knowledge of the aeroelastic divergence characteristics of flight vehicles is
essential to their design, since divergence is a function of the structural stiffness, mass
distribution, distributed aerodynamic characteristics, and engine thrust. Also, it is
important to realize that conventional structural-design considerations are influenced
primarily by the strength of the structure, whereas aeroelastic design focuses on the
rigidity, aerodynamic shape, dynamic behavior, and damping characteristics of the struc-
ture. Failure to consider aeroelastic effects could very well lead to the destruction of
the vehicle.

The analytical method developed herein deals with the nonoscillatory stability prob-
lem arising from the interaction of aerodynamic forces and axial loading with the elastic
deformation of the structure, classically known as steady-state or static aeroelastic
instability.

A limited number of related theoretical studies are available on the aeroelastic
divergence of slender-body, multistage launch vehicles. In the research report by Arbic,
White, and Gillespie (ref. 1), investigations were made to determine approximate methods
of estimating the effects of aeroelastic bending of small rocket-propelled model-booster
configurations. Limited theoretical and experimental correlations were obtained for
flights of several model-booster configurations. Thomson (ref. 2) developed an approxi-
mate slender-body divergence theory, although it requires numerous geometric and ana-
lytical assumptions. The theory of reference 2 appears to give conservative results
(that is, early divergence is predicted) when correlated with a limited number of actual
flight failures, which Thomson attributes to the possible poor estimates of aerodynamic
normal-force derivatives, an oversimplified theory, or a combination of both.

Alley and Gerringer (ref. 3) have developed a rigorous approach to the problem of
vehicle flight divergence. The matrix method of reference 3 employs a discrete-element
representation of the structural system and is designed around the use of influence coef-
ficients to represent vehicle flexibility. Also, the authors correlate the divergence
dynamic pressure with the generalized static margin for the elastic structure and set
forth stability criteria appropriate for both rigid- and flexible-body analyses.

Keith et al. (ref. 4) develop the equations governing the aeroelastic behavior of
launch vehicles from Lagrange's principles in terms of generalized coordinates. As
noted in reference 4, the collocation method of analysis discussed by Keith is principally
due to Alley and Gerringer's method of reference 3. Also, Keith employs the modal
method of analysis which is characterized by the use of the vibration modes of the unforced
system as a representation of vehicle flexibility.

Another technique for computing aeroelastic divergence and stability characteris-
tics of nonuniform beamlike structures is presented herein. This method is inherently
appropriate to structures that exhibit numerous discontinuities in the mass, aerodynamic,
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and stiffness distributions. A main advantage is that the technique requires no conver- ‘
sion to an analogous lumped or discrete panel system such as that required by the methods
of references 3 and 4. A matrix recurrence formula obtained from a finite-difference
approach is used to effect the numerical solution of the differential equations of the sys-
tem. Also, the presentation of the problem in matrix form has proved highly adaptable
for high-speed digital computers. Furthermore, the formulation includes the secondary
influences of thrust and aerodynamic crossflow which have not been treated in other
investigations, with the exception of reference 4.

The mathematical derivations are presented along with information pertinent to the
practical numerical solution obtained by means of a digital computer. Results of com-
parative analyses and data for assessing the significance of secondary influences are
included. An example application of the method to a typical four-stage launch vehicle is
submitted along with the results of parameter studies that illustrate effective means of
improving divergent designs. An appendix is included to illustrate the superposition of
boundary conditions applied to this method of solution.

SYMBOLS

The units of measurement originally used in the development were in the U.S.
Customary System. However, alternate values are provided in the International System
(SI) to increase the usefulness of the paper. Details of the SI system and necessary con-
version factors are available in reference 5.

a,b,c,d,

e,a.k } matrix elements defined by equation (28)
>

(CL aS) 1 product of first-stage-fin lift-force-coefficient slope and first-stage-fin

reference area, in2/rad (m2/rad)

(CLaS)l d product of first-stage-fin lift-force-coefficient slope and first-stage-fin
H

reference area for nominal design, in2/rad (m2/rad)

(CLO[S)2 product of second-stage-fin lift-force-coefficient slope and second-stage-fin
reference area, in2/rad (m2/rad)

(CLaS) ¢ product of flare lift-force-coefficient slope and flare reference area,
in2/rad (m2/rad)



(CLaS)f d product of flare lift-force-coefficient slope and flare reference area for
’ nominal design, in2/rad (m2/rad)

D local body diameter, in. (m); also used for the determinant defined in
equation (29)

Dmax maximum body diameter, in. (m)
E modulus of elasticity in bending, Ibf/in2 (N/m2)
EI flexural stiffness coefficient, Ibf-in2 (N-m2)

(EDg nominal design stiffness coefficient, Ibf-in2 (N-m2)

(ED¢ equivalent flexural stiffness coefficient defined by equation (39), lbf-in2 (N-m?2)
h aerodynamic moment-coefficient reference length, in. (m)

I moment of inertia of a given cross-sectional area, in (m4)

K matrix in equation (26a)

L total length of vehicle, in. (m)

M bending moment, in-1bf (m-N)

m distributed mass, lbf-sec2/in2 (N-secZ/m2)

mg total mass defined by equation (5a), lbf-sec2/in. (N-sec2/m)

o a point on the structural element identified in the derivation

P axial load exclusive of internal and external static pressures, lbf (N)
q flight dynamic pressure, -Zl-puz, 1bf/in2 (N/m?2)

Uiy dynamic pressure of divergence, 1bf/in2 (N/m2)

Y4iv,o0 dynamic pressure of divergence with secondary effects excluded, Ibf/in2 (N/m2)




1/R

(SCo),

(scp)y

dCp

S dCLa

dc
sh —Ma

X,Y

radius of curvature of flight path at x =x,, in. (m)
curvature of the flight path at x = x,, in"l (m-1)
characteristic reference area, in2 (mz)

product of associated base reference area and base drag-force
coefficient, in2 (m2)

product of associated reference area and total nonviscous drag-force coeffi-
cient (see eq. (5b)), in2 (m2)

product of associated reference area and distributed forebody drag-force-
coefficient slope, in. (m)

product of associated reference area and distributed lift-force-coefficient
slope, in./rad (m/rad)

product of local reference area, reference length, and local moment coefficient
arising from axial components of aerodynamic pressures acting on an
inclined surface of revolution at an angle of attack ¢, defined by equa-
tion (3), in2 (m?2)

thrust, 1bf (N)

flight time, sec

velocity of the vehicle tangent to the flight path at x = x,, in./sec (m/sec)

shear force, 1bf (N)

column matrix of variables (see eqs. (16) and (17))

system axes

independent coordinate along the length of the vehicle, taken tangent to the flight
path at x =x, (see figs. 1 and 3), in. (m)

coordinate to center of gravity, in. (m)



ch

Xsm,rig

coordinate to center of pressure, in. (m)

rigid-vehicle static margin, xcg - Xcp, in. (m)

elastic deformation of vehicle measured relative to X-axis, in. (m)
local angle of attack defined by equation (6), rad

rectangular matrix (see eqs. (16) and (17))

angular velocity about an axis normal to X,Y axes, rad/sec
rectangular matrix defined by equation (22b)

rectangular matrix defined by equation (22d)

local rotational increment at x =x,, due to joint flexibility, rad/in-1bf
(rad/m-N)

column matrix (see eq. (22¢))

approximation of second derivative of variable () at station n with respect
to x (see eqs. (18) to (21a) and (22¢))

air density, 1bf-sec2/in% (N-sec2/m%)

determinant of a matrix
column matrix
unit matrix

square or rectangular matrix

inverse matrix




Subscripts:

A,B,C,D separate solutions to equation (17) that are associated with the initial unit-
boundary-value relationships set forth in the appendix

a value of function at lower boundary

l value of function at upper boundary

n longitudinal station number, integer

ref reference value

u coordinate of uth joint

(+) value of a discontinuous function on the positive side of a discontinuity
-) value of a discontinuous function on the negative side of a discontinuity

Primed symbols denote differentiation with respect to x.

Dotted symbols denote differentiation with respect to time.
ANALYSIS

The applicable assumptions and limitations of the analysis and the derivation of a
system of first-order differential equations describing divergent behavior are presented
in this section. In addition, a description of the integration technique employed in the
finite-difference numerical solution is included. A recurrence formula is established in
order to relate system variables at one station on the structure to those at an adjoining
station. Boundary conditions for the free-free thrusting system are established and a
stability equation is obtained for computing the divergence dynamic pressure of the sys-
tem. Also, the mathematical relationships across points of discontinuity are established.

Assumptions and Limitations

The pertinent assumptions and limitations underlying the development of the
governing equations are as follows:

Unguided vehicle.- No coupled-autopilot considerations have been included in the
derivation. The solution is therefore restricted to unguided-vehicle systems.




Nonspinning vehicle.- The vehicle is considered to be nonspinning. The omission

of gyroscopic effects and Magnus forces is therefore a principal assumption. However,
it is believed that application to vehicles of low spin rates provides useful approximate
results.

Planar motion.- The flight behavior of the vehicle is constrained to a single plane
of motion along a curvilinear path. Only self-induced inplane loads that characterize the
aeroelastic divergence stability problem are considered, and the effects of gravity are

ignored.

Linear relationships.- The elastic deformations are considered to be small dis-

placements in the neighborhood of an equilibrium condition. The elementary beam
theory is therefore considered applicable in describing the elastic deformation of the
structure.

Linear aerodynamic theory is assumed; that is, the local aerodynamic lift force is
assumed to be proportional to the product of the local angle of attack and the appropriate
aerodynamic lift-force derivative.

Shear deformation.- The contributions to deflection resulting from shear deforma-
tion are ignored in the derivations. It is believed that the omission of shear deformation
will not significantly alter the results obtained by this method of analysis for typical
vehicle geometries of high slenderness ratios.

Aerodynamic considerations.- '"Quasi-static'" aerodynamic loading functions are
considered applicable. Aerodynamic coupling (downwash) due to aerodynamic changes
arising from elastic deformations of the system is not considered in the formulation.
Reductions in rearward-fin lift effectiveness due to downwash interference from forward
fin arrangements can be approximately accounted for by utilizing appropriate effective

fin-1lift derivatives.

Steady-state analysis.- The mathematical formulation is based on the assumption
that a nonoscillatory dynamic-equilibrium condition can characterize the system for a

particular set of conditions associated with a given time in flight.

Inertia effects.- The centripetal acceleration at the origin of the reference coor-
dinate system due to curvilinear flight is considered to act normal to the reference
X-axis and to be constant over the vehicle length. The centripetal-acceleration compon-
ents acting on an element due to its position relative to the rotating reference frame
are considered insignificant. These considerations are consistent with the assumption
of small elastic displacements, small angles of attack, and a vehicle length small in
comparison with the flight-path radius. Thus, only the centrifugal inertia forces arising




from the angular velocity of the rotating reference frame and the axial inertial loadings
induced by thrust and drag are considered necessary to maintain dynamic equilibrium.

Axial loading.- The contributing axial loads on the structure are taken as the inertia
loads plus the drag due to nonviscous aerodynamic loading only. Structural bending that
may arise from Bourdon tube pressure effects are considered trivial.

Misalinement and eccentricity effects.- Loads arising from thrust, fin, and body

misalinements as well as mass eccentricities are nonhomogeneous contributions to the
equilibrium equations. The static aeroelastic divergence behavior is represented by a
system of homogeneous equations which precludes the effects of misalinement and
eccentricity loading functions.

Derivation of Equations for a Free-Free Thrusting Vehicle System

The mathematical formulation that follows is restricted to the development of a
homogeneous system of equations derived from equilibrium and geometric considerations
that mathematically characterize static aeroelastic divergence behavior. Consideration
of a nonhomogeneous system (that is, inclusion of external forces independent of the
variables describing static aeroelastic divergence) would be of the nature of a response
problem, which is beyond the scope of this paper.

The vehicle coordinate system and differential-element force diagram are pre-
sented in figure 1.

|
acp »

S —= qa dx ~ mRy“dx
ax

Figure 1.- Vehicle coordinate system and differential-element force diagram.



The motion is constrained to a curvilinear flight path that is established by the
locus of the origin of the inplane velocity-oriented X,Y axes. The direction of the
Y-axis is taken to coincide with that of the flight-path radius established at the origin, and
the orthogonal X-axis is coincident with the direction of the velocity vector tangent to the
flight path at the origin. The elastic vehicle is thus represented relative to a set of
rotating velocity axes with the origin at or near the aft end of the vehicle.

Consider an element of the deformed structure of length dx subjected to local
transverse aerodynamic lift and centrifugal forces and to aerodynamic drag and thrust-
induced inertia forces as depicted in figure 1. By d'Alembert's principle, summing
forces acting on the element normal to the X-axis yields

dc
L
=Y ax + mRyax - § —2qadx =0 (1)

For pitching equilibrium, summing moments about a point o on the elastic axis and
disregarding terms containing products of differentials (that is, (dx)z) gives

*

dCpy

V dx - Sh dxaqadx-%dx+P-gy-§dx=0 (2)

In equation (2) the local aerodynamic moment coefficient déMa /dx arises from
the axial components of the aerodynamic pressures acting on an inclined surface of revo-
lution at an angle of attack «. For small angles of attack, this component can be derived
from the relationships given in the appendix of reference 6 and can be expressed in terms
of the distributed aerodynamic lift-force-coefficient derivative as

Sh M -DdD ¢ Ly (3)
dx 4 dx dx
Summing forces in the x-direction gives
T - (SCD) q dc
9P t D
— dx - ———————— - — = 4
- s mdx - S i ¢ dx =0 (4)

Since the axial force is a function of x and of the independent variable q, the evaluation
of P ata point x may be written as

T - (SCD

) q rx X dcC
P(X)=——I'_1'1Tt_§ mdx+q5‘ S‘—dxgdx"'Pa (5)
Xq Xa
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where T is the thrust, my is the total mass of the system defined by
X1
my = S' m dx (5a)
Xa

and (SCD)t is the product of the associated reference area and the total nonviscous
drag-force coefficient, defined as

dc
(scp) (= S: S _d_;l dx + (scD)]O (5b)

The subscripts a and ! denote values of the function at the lower and upper boundaries
of the free-free system.

From figure 1, the local angle of attack on the element can be written as

o _ X}
a=&-% (6)

where 8y/ox is the local slope of the elastic axis and xj/u is the contribution to «
at x due to the change in position of the local wind vector at a point on the vehicle that
is restricted to move along a curvilinear flight path at an angular velocity j.

Differentiating equation (6) with respect to x gives

ba_ 0y ¥ (7

The relationship for the rate of change of the slope of the elastic axis is obtained from
the elementary beam theory as

°yY_M (8)

Ay _ M ¥ (9)

1
_=% (10)

where % is the angular velocity of the rotating reference frame and u is the velocity
of the vehicle.
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Differentiating equation (10) with respect to x gives the compatibility condition

2(1/R) _ o (11)

ax

Equation (11) expresses the invariance of the flight-path curvature over the length of the
structure in accord with the imposed artificial flight-path constraint on the system.

By making the appropriate substitutions for % (from eq. (10)) into equations (1)
and (9) and for o (from eq. (6)) into equation (2), the system equations become a func-
tionof V, @ M, and 1/R. The partial derivatives may be replaced by their differen-
tials since 1/R is invariant and V, @ and M vary only with x. The four governing

differential equations then take the form

dcC
av w2 Tlhy 12
HxTmR S x -0 (12
dC
dM X My
- 2\ - = 13
A" =t P(a + ) Sh o 4 0 (13)
da M 1
oL S 14
& EER 0 (14)
d(1/R) _ (15)
dx
Expressed in matrix notation, equations (12) to (15) appear as
i dc 1 o )
Lo 2 VA
1 0 0 -S = q 0 0 0 mu v
dc '
M a
0 1 0 P-S5h 29 -1 0 0 Px N
dx ﬁ \ - {0} (16)
-1 M
— 0 1
0 0 1 0 0 B M
1
0 0 o 0 o o 1 o |[UR
L JLV/R

where the primes denote differentiation with respect to x. If the 4 X 8 matrix is denoted
as B and the 8 X 1 matrix of unknowns is denoted as X, then equation (16) may be

(8-6
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The matrix equation (17) represents the desired homogeneous set of equations that
describe the aeroelastic divergence behavior of the free-free thrusting vehicle system
along a curvilinear path. The solution of equation (17) leads to aeroelastic stability con-
clusions as formulated in subsequent sections.

Method of Integration and Development of the Recurrence Formula

The analysis presented herein employs a numerical method to solve equation (17).
The integration technique was originally derived in reference 7.

Based on the assumption that the first derivatives of the system variables vary

linearly over the small increment Ax, =X - Xp, the following relationships can be

n+1
written:
dv dv
—pd = R axpg(V) (18)

Integrating over the interval Ax, yields

2
av. gAx )
Vnel = Vy + —=F Axp + o2 2y (V) (18a)

Similarly, for the other variables,

do d
;;'1 = %n_ + Axp Ay () (19)
2
d AX
41 =%t %n' Axp + 2n) Ap(@) (192)
dM dM
dxn+1 = =2+ ax ) (M) (20)
ay) )
M =M+ =51 Ax + 22 (M) (20a)
d(1/R d( l/R
1
( d;;H ) = L n)+ Axnxn(l/R) (21)
2
d{1/R A
1 =_1..+_il_n_)Axn+(jl.LAn(1/R) (213)
Rp+1 R, dx 2

13



The functions An(V), )\n(a), A, (M), and )\n(l/R) are as yet undetermined but they will
be uniquely established herein.

Equations (18) to (21a) may be written in matrix notation as

{X““} i [51] {X‘} AXHEZJ{AJ (22)

where

n+l
n+l
n+l
%n+1 k

{Xn+1} ) ;1+1 (222)
n+l
(1/ Rn+1)'

L 1/ Ro+

o o

Ax

fu—y

>g
»

=
-0 O O O

(22b)

>4
»

=]
- O O O O O O

IO'II

(sl

il
OO O O O O
O OO0 O O O = O
o O O O
OO0 O O M O O O
[N ]
O O M- O O O O O
>4
5
-t o0 O O o O
< )

N\
:3< =$<‘
J

R P

> (22¢)

4
.
"
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1 o0 o o0}
Axy
—_— 0 0
3 0
0 1 0 0
AXx
0 _z_n 0 0
By | = (22d)
0 0 1 0
Axn
0 0 5 0
0 0 0 1
AX
0 0 0o 2
L 2|
A (V)
A, (@)
AnLY = 22
{n} N (M) ( e)
n‘
An(1/R)

The system variables must satisfy the geometric and equilibrium equations at any

specified station; that is, when x =x el from equation (17),

[Bmﬂ {Xm} = {0} (23)

by virtue of the constraint imposed through the following determination of the A,
matrix. Substituting equation (22) into equation (23) and solving for A, yields

(- s ol

Thus, the variables xn(V), )\n(a), )\n(M), and An(l/R), which were previously undeter-
mined, are now defined by virtue of the required satisfaction of equation (23).

Substituting equation (24) into equation (22) gives the recurrence formula for the
functions V, o M, and 1/R.

b4 i) Budfdl) e
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Equation (25) can be written in abbreviated matrix form as

{Xn+1} = E%u]{xn} (26)
ol ) Gff] ol e

Equation (26) is the recurrence relationship that will lead to the solution of equa-
tion (17) with the appropriate treatment of the initial and terminal boundary conditions.
The elements contained in the K.+l matrix are functions of the aerodynamic and iner-
tial loading and the elastic stiffness characteristics of the system for the appropriate
n+l value of the x-coordinate. The useful working relationships for the Kn+1 matrix
obtained through required matrix manipulations are developed as follows:

where

From equations (16), (17), and (22d) it can be shown that

1 ad 0 de

d db+g) -1 bhdk
E*ml][f’zj =0 1 cd d (27)
0 0 0 1
where
( cha> )
a=-{S
dx n+1q
b=P 1
_ -1
¢= '(El)n+1
AX
_""n
d=— (28)
— 2
=My
ac
g= <—Sh M“) q
dx /n41
k= xn+1 J

The determinant D of the matrix on the right-hand side of equation (27) is given in the
expanded form by

D=cd2(b+g-ad)+1 (29)
16




By utilizing equations (16), (17), (22b), (22d), (27), and (28) and performing the
indicated matrix operations of equation (26a), the elements of the matrix K ., can be
reduced to the explicit algebraic form of equation (30). The matrix of equation (30) can
be evaluated by substitution of the appropriate values of the functions defined by equa-
tion (28). Equations (29) and (30) provide the working relationships for practical use of
the recurrence formula given by equation (26).

acd® acd> -ad -a acd? acd d @d+acd2’bk- cd2e(b+g)- tﬂ d Ei+acdbk- cde(b+gj] -e ]
dE:c;i2 (b+g)+1:| cd2 (b+g)+1 -ad® -ad . acd® acd® da E1d+acd2bk- cdze(b+g)— e] d[ad+acd2bk-cd2e(b+g)-e]
~cd? -cd  cd’fad-(osg)] cdlad-(oeg)]  -cd - dlcaZe-cdbk-1) d(cde-bek)-1
B‘*J -1 -cd® —cd? a 1 -cd? -cd d¥(cde-cavk-1) dlcaZe-bedx-1) (30)
d 1 d(b+g-ad)  beg-ad  cd’[ad-(b+g)] cdad-(bsg)]  dlad®+bk-d(bsg)-de) -d(b+g-ad+e)+bk
& d dP(o+g-ad)  d{org-ad) d 1 a2[ad®+bk-d(b+g)-de] -a2 (b+g-ad+e)+bkd
0 0 0 0 0 0 0 0
| o 0 0 0 0 0 dlca®(b+g)-acd®+1) D B}

Boundary Conditions

The boundary conditions for the free-free thrusting vehicle system may be deter-
mined from the system equations and physical considerations at the end points. The sub-
scripts a and ! indicate that the associated quantity is evaluated at the lower boundary
X = X5 oOr at the upper boundary x = X, .
Observe from figure 1 that at the lower boundary,

Condition (a): V, = Toy

Also at the upper boundary, for the free-free system,

Condition (b): Vl =0
The boundary conditions at both ends of the free-free system require that

Condition (c): Ma=M; =0
From equation (15), it follows that
Condition (d): (—1—>' = (—!—>' =0
Ry R;

It follows from condition (d) that

Condition (e):

e

17




Observe from figure 1 that

Condition (f): P, =-T +(SCp),a

Substituting condition (f) into equation (5) and evaluating over the total length of the
vehicle gives

Condition (g): P; =0
The angle of attack at the boundaries may be expressed as
Condition (h): o= a,
Condition (i): a=q

Substituting the appropriate boundary relationship given by condition (e) into equa-
tion (12) yields

dcC 9
Condition (j): V,=1\8 Lo qa, - m v
. a dx /a a R

Condition (k): Vé =18 dxalqal -my pﬁ

Substituting conditions (c) and (e) into equation (14) gives
sy . vt _ l

Condition (Z): o, = @ =-F

Substituting conditions (a), (e), and (f) into equation (13) yields

*

X X dCM
Condition (m): M = —=2 +(SCp), q +-2) - \sh 2| q
on © Ma® TR Dpd\%at R X Ja e

Substituting conditions (b) and (g) into equation (13) gives

aCyy

sas ' [0}

Condition (n): M; = -{Sh = . 9%
l

The boundary relationships for the system variables may now be summarized in
matrix form. For the lower boundary conditions at x = xg, it follows that

18




a N — < dc La) . ]
Va S q -mau
dx /4 a
Va T 0
ay 0 -1
ogy 1 0 %
< > = & (31)
1 My 1/R
Mj (scD)b - (sn = >a q [(SCD)bq - ’ITJxa
My 0 0
1
(1/ Ra) 0 0
kl/Ra’J — 0 1 -
and for the conditions at x = Xy
I
() cha> ;
Vl S —dT lq -mlu
\4) 0 0
a 0 -1
l ¥
al 1 0
§ > = (32)
s %
' 4Cyy,, 1/R
M -\Sh q 0
l dx /;
M; 0 0
(1/Ry)’ 0 0
L 1/Rl ) i 0 1 )

Equations (31) and (32) represent the lower and upper boundary conditions that are
essential to the complete solution of equation (17).

Development of the Stability Equation for a Free-Free Thrusting Vehicle System

The method of determining the stability equation is based upon superposition of the
solutions of equation (26) for individual boundary values. A solution of the recurrence
formula of equation (26) for the X variables at some station s in terms of either known
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or assumed values of X at some station ¢ is simply the repeated premultiplication

B 5 5 S B

Such a solution is strictly dependent upon the vector X, the system constants, and the
dynamic pressure q contained in the K matrix. Consider two separate solutions of
the form of equation (33) for an assumed q and over the length of the vehicle such that
Xc =Xy and Xg=X;. Let the first solution be called the A solution for the single
unit boundary relationship where a, =1 when 1/R = 0. Let the second solution be
called the B solution for the single unit boundary relationship where a; =0 when
1/R = 1. Then because of the validity of superposition of solutions for independent
boundary conditions, proof of which is given in the appendix, the value of {X} at

X = X, canbe stated in terms of the A and B solutions on the actual lower boundary

values, @ and 1/R, as
SRCRTON

With the use of the upper boundary conditions (b) and (c) of the preceding section,
the following conditions can be related at x = Xyt

01000000 v,

0000O0T100 M,

Substituting equation (34) into equation (35) for the valueof n at x=x; gives

£ Via ViB{l% A Byifoa {0} .

Ml MZ,A MZ,B 1/R A2 Bz 1/R

The subscripts A and B denote the values of V and M obtainable from the
aforementioned unit solutions for «, and 1/R. The coefficients A; and Ay are the
values of V and M, respectively, at x = X due to an assigned unit value of o at
X = Xg. Similarly, By and Bg are thevaluesof V and M, respectively, at x = X;
due to a unit value of 1/R at x=x,.

For finite values of oy and 1/R, the nontrivial solution of equation (36) is
obtained by setting the determinant of the square matrix equal to zero:
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=0 (37)

The elements in equation (37) are a function of the unknown dynamic pressure q,
as is evident from inspection of the K ; matrix defined by equations (27), (28), and
(29). The lowest nonzero characteristic value of ¢ that satisfies equation (37) is the
dynamic pressure of divergence Ygiv for the system. The physical significance of this
mathematical finding is that performance of the vehicle at flight dynamic pressures
greater than the divergence dynamic pressure is unstable.

For the relationships compatible with the divergence dynamic pressure, it is
apparent from the homogeneous equation (36) that oy and 1/R cannot be uniquely
determined. However, the ratio of a3 to 1/R can be determined from equation (36).
It is further evident that this equation is satisfied for values of «, and 1/R having
the appropriate ratio but of any magnitude. In practice, the conditions compatible with
the homogeneous form of the equations are never achieved because of the inevitable
departure from theoretical alinements and the presence of other small disturbances.
For example, visualize equation (36) as being nonhomogeneous, that is, as having an
infinitesimal right-hand member containing components independent of a and 1/R. A
solution of o, and 1/R is then obtainable by Cramer's rule which will show that
a, - > and 1/R - ~ 'as the determinant of the left-hand side of the equation approaches
Zero,

Under extreme maneuvers implied by infinite values of o, and 1/R, it is obvious
that structural failure and mission loss would result for the distinct combination of
parameters when q = d4iv The divergence dynamic pressure thus defines the boundary
between convergent and divergent performance.

Related Modal Characteristics

The coefficients Aj, Ag, Bj, and Bg are those associated with the characteris-
tic value q that satisfies equation (37) for the A and B solutions and when substituted
into equation (36) will yield the applicable ratio of o, to 1/R. By normalizing on 1/R
or a, as desired, the initial value of @, interms of an assumed 1/R value may be
determined. With initial values of @y and 1/R, a complete solution at all stations is
then obtained by using equation (26). Such a solution yields the normalized moments,
shear forces, and first derivative with respect to x of each variable compatible with the
Q4ijy Solution. Thus, the solutions for the variables V, « M, and their derivatives are
essentially modal functions of the system by virtue of their dependency on an assumed
flight-path curvature 1/R.
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Relationship Across Discontinuities

In order to accommodate discontinuous functions in the form of input and output
characteristics, a set of relationships across points of discontinuity is established.
These relationships are obtained by evaluating the recurrence formula given by equa-
tion (26) for Ax, =0. Consider equation (26) where the evaluations of X at sta-
tions n and n+1 correspond, respectively, to the solutions aft (-) and forward (+) of a
discontinuity. Evaluation of equation (26) for Axp =0 yields

e ' 3 ( dCLa> . [ '
Vi 010 0 0 0 o0 0 Vi
A\ 1 1
% 000 0 0 (ﬁ)&) 0 -1 o
{x(-'-} - a(+) - 0 00 1 ) 0 0 0 0 a(_) (38)
M, 010 P, - <Sh dCM"‘) 0 0 o P M,
(+) (+) & i SR !
M, 000 0 0 1 o 0 M
(1/R)i+) 000 0 0 0 o0 0 (l/R)i_)
él/R)(+D 3 00 0 o 0 0o 0 1 | L(1/R)(_)J

Equation (38) requires no additional programing since it automatically results from
equation (26) by setting Axp =0. The variables V, o, M, 1/R, and (1/R)' are
seen to be continuous across the discontinuities as would normally be expected from
physical considerations, whereas V', o', and M' are revealed as discontinuous
functions.

DISCUSSION

In the preceding section the computational equations, integration technique, recur-
rence solution, boundary conditions, and stability equation have been developed. In addi-
tion, the modal nature of the solution for the variables was discussed and the necessary
relationships for treatment of discontinuous functions were provided. This section is

22




devoted to the discussion of the numerical method of solution, the stability boundary Y4iv’
results of comparative analyses, and the significance of secondary influences on aero-
elastic divergence. Other topics discussed in this section include the stability criteria
for acceptable design, the character and quality of required input data, and detailed out-
put data obtained from the application of the method to a typical research vehicle. In
addition, the results of parameter studies of the principal factors that influence diver-
gence behavior serve to reveal some of the corrective measures that may be used to
avoid divergence.

Numerical Solution

Several important considerations of the method in regard to solution procedures
and some aspects of the digital computer program are discussed next.

. Solving for the dynamic pressure of divergence.- The divergence dynamic pressure
is mathematically obtained as the characteristic value of q that will satisfy equation (37).
Equation (37) is seen to be of the form

fl@ =0
which is solved by a trial and error procedure.

Acceptable results have been obtained by repeated trial solutions for f(q) in which
the trial value of q is successively increased by an increment of Aq until a sign
change is indicated. This condition can be stated mathematically as

£ 1)
t(q")

where q" is the nth trial value. Once the sign change is detected, an iteration pro-

<0

cedure can be used to narrow the trial intervals of q until the difference between suc-
cessive values is less than the desired tolerance so that f(q) ~0.

Integration intervals.- The basic differential equations given by equation (16) are of
first order. Integration is performed on all variables by assuming linear variations in
their first derivatives as required by equations (18) to (21a). In keeping with this
assumption, the interval between all stations Ax must be suitably small. Computational
accuracy studies have indicated that adequate results are normally obtained by describing
all points of discontinuity in the input functions and by using a maximum Ax interval not
exceeding 1/100 of the overall vehicle length. Where radical variations in the input func-
tions occur, additional stations should be included to describe adequately such variations.
Extensive experience with this method has shown that no impractical conditions arise
when input-system characteristics are entered for as many as 400 intervals. Frequently,
such a detailed description of input data is desirable for a multistage structure involving
many discontinuities.
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Computer time.- Efficient programing to minimize computer time is an important

consideration for a problem of this scope. Improper programing may yield costly data
as a result of lengthy computing times. Some considerations for minimizing computer
time are set forth here.

The programing of the expanded form of equation (26) through the use of equa-
tions (28), (29), and (30) greatly reduces machine time in comparison with a program that
requires the matrix operations of equation (26a) to be performed by the machine inter-
nally. Also, extreme and unmerited accuracy requirements on the solution for A4iv to
satisfy equation (37) increase machine time.

Another important consideration for reducing machine time is a realistic assess-
ment of the accuracy requirements for satisfying upper boundary conditions. For
example, V; and M; are zero for the free-free case, but achieving such absolute
conditions on a digital computer is quite difficult if not impossible. Finite boundary
values that are a fraction of 1 percent of the maximum value of their respective functions
over the entire length x; =Sx =x; are readily obtainable and should be accepted.

Dynamic Pressure of Divergence as a Measure of Stability

The significance of the solution for the divergence dynamic pressure and its use as
a criterion for evaluating the aeroelastic stability of unguided launch vehicles are dis-
cussed briefly in the following paragraphs.

Significance.- The elements in the B8 matrix of equations (16) and (17) are depend-
ent upon a particular altitude, Mach number, and flight time. In general, the divergence
dynamic pressure obtained from equation (37) will be different from the nominal flight
dynamic pressure. As pointed out by Alley and Gerringer in reference 3, the use of the
difference between the divergence dynamic pressure and the nominal flight dynamic pres-
sure as an indication of a stability margin does not require any further definition as to
the probable altitude, Mach number, and time at which the hypothetical Uiy could be
obtained. Since the solution for Yiv is implicit, the margin of stability based on
dynamic pressure alone is associated with the constraint that all other pertinent param-
eters affecting the solution be held invariant,

Theoretical prediction of flight divergence failures: Since the computed dynamic
pressure is incompatible with the actual trajectory employed for each analysis, a rigorous
procedure is required if the objective is to predict the actual flight condition at which
aeroelastic divergence will occur. If it is assumed that such a condition can occur along
the trajectory, it is necessary to iterate for a number of solutions of equation (37). This
procedure requires the input of new vehicle and trajectory characteristics associated
with preceding estimates of A4iv until the solution converges to a specified accuracy.
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Such a solution will yield a dynamic pressure compatible with the time, altitude, velocity,
mass, and aerodynamic characteristics for which it was obtained. Iteration for solutions
of Qgiv is therefore desirable in attempting to correlate theoretical predictions with
actual cases of aeroelastic divergence failures.

Stability criteria.- It is proposed in reference 3 that for a significantly flexible
vehicle, an adequate margin against divergence can be assured by maintaining a constraint
on q /qdiv' The constraint is seen to be a necessary but not sufficient condition for
vehicle stability. For flexible vehicle the constraint on q /qdi v is the controlling cri-
terion, but for highly rigid vehicles it is insufficient. For extremely stiff structures

which might have rigid-body static margins near zero, a large margin against divergence
may be indicated by a value of q /qdiv near zero. The near-zero static margin is
obviously undesirable in view of further reductions that might occur because of inaccu-
racies in aerodynamic and mass distribution and in view of the necessity of maintaining
adequate frequency-response characteristics. Hence, in reference 3 the following three
criteria were proposed for assuring adequate stability for vehicles within the extremes
of flexibility and rigidity:

A

q
— =0.5
%aiv

e 2
Xsm,rig = Dmax

Xsm,rig = 125'
Should the analyst desire to adhere strictly to the static-margin criterion as a
measure of stability, it is necessary to consider the degeneration in static margin due to
aeroelasticity. Reference 3 provides a means for obtaining a generalized static margin
for flexible vehicles that is analogous to the traditional rigid-body criterion but accounts
for aeroelastic effects.

Comparative Numerical Solutions for the Dynamic Pressure of Divergence

Solutions for the divergence dynamic pressure of a flight-proven, two-stage,
unguided Nike-Apache research vehicle were compared with those obtained for the same
vehicle by the discrete element matrix method of reference 3. The summarized numeri-
cal results for d4iy are presented in table I at four flight conditions. The input data
used in the study were obtained from identical sources. The secondary influences of
thrust and aerodynamic crossflow were excluded from the finite-difference recurrence
analysis in order to obtain a valid comparison with the method of reference 3, which does
not incorporate these effects.
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TABLE 1I.- COMPARISON OF DIVERGENCE DYNAMIC PRESSURES

FOR A NIKE-APACHE RESEARCH VEHICLE

Divergence dynamic pressure, Agiv

Mach Finite-difference Discrete-element

number recurrence method method of ref. 3
1of/in2 kN/m2 1bf/in2 kN/m2
0 382.2 2 635.2 383.7 2 645.5
2.75 664.7 4 582.9 662.1 4 565.0
1.75 887.2 6 117.0 900.9 6 211.5
5.5 2014.2 13 887.4 1901.0 13 107.0

The results given in table I show good overall agreement between the divergence
dynamic pressures computed by the two different methods.

Secondary Influences

The secondary influences of thrust and aerodynamic crossflow are of interest in the
aeroelastic divergence analysis. The analytical method presented herein conveniently

accommodates these terms in the equations that simulate divergent behavior.

The thrust tends to be a destabilizing factor since it introduces column buckling
action, which contributes to vehicle deformation. The effect of column bending due to
thrust is generally small in comparison with the bending induced by the transverse aero-
dynamic and inertial forces. However, when the thrust-mass ratio of the vehicle is very

high, the thrust could have a significant influence on aeroelastic stability.

Aerodynamic crossflow induced by the angular velocities of the vehicle is found to
be a stabilizing influence. This influence can be seen from equations (6) and (10), where
x/R is the contribution to « due to the velocity crossflow effect. The term x/R
serves to decrease the local angle of incidence which, in turn, reduces the magnitude of
the aerodynamic lift forces.

Typical results of an investigation to determine the relative effects of thrust and
aerodynamic crossflow on the divergence dynamic pressure for a typical high-performance
research vehicle are illustrated in figure 2. The curves of figure 2 show the variation in
Y4iv /qdiv, o With Mach number. The lower curve of figure 2 indicates that thrust is a
destabilizing factor. The stabilizing influence of aerodynamic crossflow for the particu-
lar vehicle is illustrated by the upper dashed curve. Also note that the stabilizing effect
of aerodynamic crossflow decreases with increase in Mach number since the crossflow
term is inversely proportional to the vehicle velocity.
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In general, comparative

1.y T T T I
studies made by the author on a Both thrust and aerodynamic crossflow included
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have revealed that for most typical L2
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mentioned secondary influences do 3 & R~ ]
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stability. — -

Numerical Application

! 1 2 3 b 5
The successful use of the Mach number

analytical procedure presented in
this paper is dependent upon the
adequate representation of the
vehicle stiffness, mass, and aerodynamic characteristics, as well as a knowledge of the
pertinent trajectory parameters. In this section, typical input data necessary to an
analysis are furnished and some important considerations in obtaining such input data are
discussed. In addition, output data for an example analysis are presented along with com-

Figure 2.- Secondary effects of thrust and aerodynamic crossflow on divergence
dynamic pressure.

ments on the results.

Input characteristics.- The graphs of necessary input functions included herein
serve to illustrate the capability and advantages of the proposed method in accommodating
highly descriptive and discontinuous input characteristics. All points of discontinuity in
the input functions are established in the analysis to provide adequate representation over
radical variations.

Stiffness data: Flexural stiffness coefficients computed for the conceptual NASA
research vehicle SV-144 are given in table II and are shown graphically in figure 3. Note
that these data provide a highly descriptive representation of the variational stiffness
level of the composite cylindrical shell-like structure. The discontinuities evident in
figure 3 are accounted for in table II by recording both quantities for their common
x/L value.

The results obtained from the aeroelastic divergence analysis are strongly depend-
ent upon the quality of the EI data. The analyst must give careful consideration to the
determination of load paths, and the use of equivalent stiffness quantities to provide for
plate and shell deformations and for other flexibility considerations not treated by the
elementary beam theory. For example,rotations of appreciable magnitude may occur at
structural junctures. The inordinate behavior at structural joints normally defies rigor-
ous analytical techniques, but empirical methods, such as those of reference 8, can be
used. The local joint constants k, given in reference 8 can be incorporated into the
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TABLE II.- FLEXURAL STIFFNESS DISTRIBUTION FOR THE

CONCEPTUAL SV-144 RESEARCH VEHICLE2

EEI)ref = 100 X 109 Ihf-in2 (0.287 x 10° N-mzﬂ

L =825.95 in. (20.98 m)
X - X —EL_ X _EL
L (El)ref L (El)ref L (El)ref
-0.0202 1.1857 0.4762 0.2912 0.8629 0.0643
0 1.1857 .4762 .2912 .8629 .0399
.0216 1.1857 .4780 .2881 .8666 .0399
.0216 .2016 .4780 .1157 .8666 L0677
.0252 .2016 48117 .1157 .8725 .0513
.0252 1.3434 .4817 .8957 .8802 .0345
.0284 1.3434 .6415 .8957 .8862 .0249
.0284 2.9979 .6415 .1153 .8862 .0049
.0502 2.9979 .6451 .1153 .8910 .0049
.0502 .1855 .6451 .2806 .8910 .0044
2107 1855 .6560 .2806 .8926 .0050
2137 1.5101 .6560 .1006 .8937 .0052
2167 ."1855 .6596 .1006 .8992 .0069
3744 1855 .6596 .2663 .9060 .0100
3744 2,998 .6699 .1851 9121 .0137
.3962 2.998 .6820 .1141 .9181 .0172
.3962 1.3434 .6941 .0641 .9242 .0182
.4005 1.3434 .7002 .0458 .9279 .0169
.4005 .1928 .7020 .0413 .9307 .0163
4042 .1928 .1020 .0239 9325 .0142
4042 .7740 .1068 .0239 .9325 .0293
4211 .71740 .7184 .0534 .9363 .0251
4211 .1639 .8401 .0534 .9423 .0193
.4248 .1639 .8425 .0632 .9484 .0145
.4248 .3877 .8425 .0705 .9543 .0105
.42178 .3815 .8462 .1306 .9629 .0063
.4399 .3574 .8462 .0161 .9629 .0644
4472 37117 .8498 .0161 .9690 .0416
.4520 .3343 .8498 .0246 9726 .031
4624 .3151 .8536 .0312 .9798 0
.4641 .3123 .8596 .0489

8Points of discontinuity in the EI/ (EI)pe¢ function are recorded for their com-
mon x/L values. The first and repeated x/L quantities correspond to the values

of the EI/(EI)ref function on the (-) and (+) sides, respectively, of the

discontinuity,
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Figure 3.- Flexural-ctiffnacc-ranfficiant dictribution for the conceptual SV-144 research vehicle.

analysis by making an alteration to the EI distribution over an arbitrary short interval
through the use of the following approximation:

(EI)e = AX

. Sx+Ax 1 dx

u t x Tl
The relationship of equation (39) is based on the assumption that (EI) is constant

over the joint interval Ax, which must be small although arbitrary. The interval Ax

is frequently taken between 2 and 5 percent of the appropriate stage lengths. The joint-

rotation information of reference 8 was used in the applied analysis of the SV-144 to

approximate stiffness distributions across structural joints,

(39)

The use of certain materials such as fiber glass in the structural design of a vehi-
cle may introduce questionable stiffness characteristics. In addition, where structural
heating is severe, the analyst should give adequate consideration to problems of stiffness
degeneration.

Mass data: The tabulated mass distributions for the SV-144 research vehicle just
prior to launch are furnished in table III., These data (along with the first-stage burnout
distribution) are illustrated graphically in figure 4. The continuous mass inputs allow a
highly descriptive representation of the variable mass characteristics and an equally
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TABLE IHI.- MASS DISTRIBUTION PRIOR TO LAUNCH FOR THE
CONCEPTUAL SV-144 RESEARCH VEHICLE2

m o = 1.0 -—lbf_'s;°2 (6894.7572 __N'Secz>
in m
L = 825.95 in. (20.98 m)
X m X m X m
L Myef L Mref L Myef
-0.0202 0.0190 0.4762 0.0229 0.8498 0.0016
-.0081 .0190 4798 0229 8536 .0017
0 1384 4798 1624 8596 .0019
0234 1384 5004 1982 8629 0297
0234 3124 5125 1462 8647 0449
0284 3124 6433 1462 8666 .0355
0393 3354 6433 .0067 8725 .0048
0502 2160 6451 0072 8802 .0051
0502 1873 6560 0102 8862 0166
2107 1873 6578 0170 8880 0202
2137 1964 6596 0165 8880 0473
2167 1873 6699 .0071 8910 0473
3744 1873 6820 .0166 8937 0286
3744 2160 6941 .0031 8992 .0403
.3962 2160 7002 .0028 9060 .0403
3962 1929 1020 .0027 9121 0704
4024 1929 7038 .0026 9181 0403
4024 .0097 7038 0383 9325 0403
4157 .0097 7068 0362 9325 .0018
4211 .0467 1184 .0621 9423 .0016
4229 .0589 1305 0362 9484 0166
4229 .0542 8401 0362 9545 .0010
4218 0542 8425 .0335 9629 .0009
4399 .0067 8425 0339 9629 .0068
4472 0297 8462 0295 9690 .0059
4520 0341 84170 0285 9726 .0053
4641 .0230 8470 0591 9798 0

aPoints of discontinuity in the m/ mpef function are recorded for their com-
mon x/L values. The first and repeated x/L quantities correspond to the values
of the m/mref function on the (-) and (+) sides, respectively, of the discontinuity.
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Figure 4.- Mass distribution for the conceptual SV-144 research vehicle.

descriptive representation of the inertial loads on the system. Frequently, the analyst

must consider intermediate mass values of the aforementioned distributions as well as
other stages of the configuration.

Aerodynamic data: The divergence dynamic pressure is dependent on the aerody-

namic distributions as well as the stiffness and mass characteristics. Consequently, an
accurate description of the aerodynamic characteristics is desirable for the comprehen-

sive divergence analysis. The computed fin lift data as a function of Mach number for

the SV-144 research vehicle are presented in figure 5. These fin-lift coefficient deriva-
tives were obtained through the use of methods set forth in reference 9. Coefficients are
provided for the total fin area of two panels in one plane and include downwash effects
from forward fins as well as wing-body carryover effects. The analyst must consider
downwash effects because the effectiveness of the aft lifting surface can be drastically
reduced by downwash interference from forward lifting surfaces. Interdigitation of for-
ward fins can, in some cases, partially reduce undesirable fin downwash effects.
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The analyst must also consider the loss of fin effectiveness at high altitudes
resulting from flow separation due to interference from the rocket-exhaust jet plume.
Reports on the effects of jet pluming on stability are available in references 10 and 11.

Distributed body aerodynamic lift-force derivatives valid at small angles of attack
for the SV-144 research vehicle at Mach numbers of 3.5 and 5 are illustrated in the graphs
of figure 6. From these curves, the aerodynamic loading along the bodydcéf the vehicle

would be obtained as the product of the aerodynamic loading function S —CEI:L"-, the local
angle of attack, and the free-stream dynamic pressure. The data of figure 6 were gen-
erated from the empirical data compiled in reference 12 which are very useful for the
flexible-vehicle analysis utilizing distributed aerodynamic lift-force data.

Several theoretical methods are available for determining the distributed aerody-
namic characteristics for slender bodies. These methods include the second-order per-
turbation theory for inclined bodies of revolution of reference 13, the generalized shock-
expansion method of reference 14, and the linearized theory for bodies of revolution
discussed in reference 15.

Trajectory data: Various parameters such as velocity, Mach number, thrust, and
dynamic pressure, obtained from the computed flight trajectory, are necessary inputs to
the divergence analysis. Time histories of the trajectory characteristics for the con-
ceptual SV-144 research vehicle are provided in figure 7. Case studies are normally
established at ignition and at burnout of each stage, at Mach 1, at time of minimum static
margin, at discontinuous points such as times prior to and subsequent to stage separa-
tion, and at times of maximum dynamic pressure. Of these, the case at maximum
dynamic pressure is usually the most significant. Also, multistage vehicles attaining
hypersonic velocities may encounter critical conditions during upper stages of flight;
thus, a complete time-history study for all stages of flight is desirable.

The analyst should also consider the dispersion possibilities of launching below the
minimal launch angle called for in the programed trajectory. Reductions in launch angle
for the unguided vehicle are coupled with increases in flight dynamic pressure. A com-
plete design evaluation should account for standard low deviations in the launch angle,
particularly in cases of marginal aeroelastic stability.

Output characteristics.- The significant output data obtained from the divergence
analysis consist of the stability boundary Uiy 2s well as the numerical solution for the

{X} variables at each station along the vehicle.

Stability index q/qdiv: As previously mentioned, the dynamic pressure ratio
obtained from the analysis is used to evaluate the aeroelastic stability of the launch vehi-
cle. The timewise variation in the computed q /qdiv index during the first-stage flight
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Figure 7.- Basic trajectory parameters for the conceptual SV-144 research vehicle.

for the conceptual SV-144 research vehicle is given in figure 8. The computed peak value
of q/qdiv is 0.19 and occurs at t =42 seconds at a Mach number of 3.5. A maximum
value of 0.19 for q /qdiv is conservative in view of the aforementioned criterion of

qa /qdiv £ 0.5 and indicates acceptable compatibility between the static aerodynamic,
structural, and trajectory characteristics of the system. When ¢ /qdiv > 0.5 for design
conditions, the vehicle may be subjected to large aeroelastic load magnifications and rapid
stability degeneration. Stability degeneration of designs having q /qdiv > 0.5 is inves-
tigated in reference 3 and is shown in parameter studies in subsequent sections of this
paper.

Modal functions: The numerical solution for the variables V', V, o', o M',
and M is obtainable from equation (26). As previously discussed in the section entitled
"Analysis," these variables are the modal characteristics associated with the character-
istic value qg; . The graphs shown in figures 9 to 11 typify the output for the solutions
to the system variables that are associated with the divergence mode. These data are
applicable to the SV-144 research vehicle at maximum dynamic pressure (t = 42 sec).
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Figure 9.- Modal characteristics @ and a' associated with the divergence dynamic pressure at a Mach number of 3.5 for
the conceptual SV-144 research vehicle.
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The divergence attitude of the deformed vehicle is indicated by the plots of o' and «.
Also, the distributed loading functions on the vehicle are given by the graphs of V', V,
M', and M. Note that the a function in figure 9 is continuous and appears as would

generally be expected; however, o' is seen to be highly discontinuous by virtue of its
dependency upon the EI function.

The M' function, which is generally equal to V when simple beam theory
loading is assumed, departs herein by virtue of the inclusion of the axial load components.
These components result from the aerodynamic, thrust, and induced inertial column
loadings, as can be seen from equation (13). The M' function of figure 10 and the V
function of figure 11 are therefore not identical.

The V' function given in figure 11 is normally observed as the load per unit length
from the elementary beam theory. The V' function obtained from the recurrence solu-
tion gives similar results. This function consists of the inertial and aerodynamic trans-
verse force distributions defined by equation (12).
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Figure 10.- Modal characteristics M and M' associated with the divergence dynamic pressure at a Mach number of 3.5 for
the conceptual SV-144 research vehicle.
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Figure 11.- Modal characteristics V and V' associated with the divergence dynamic pressure at a Mach number of 3.5 for
the conceptual SV-144 research vehicle.

A characteristic divergence mode shape for the SV-144 research vehicle con-
strained to a curvilinear flight path is illustrated in figure 12. This mode shape is the
fundamental or zero-frequency mode of divergence and is associated with a normalized
flight-path curvature of 0.1 x 1072 inch-1 (0.254 x 10-7 m-1), The divergence mode shape
may be obtained from the analysis by substituting equation (10) into equation (6) and per-

forming a numerical integration to obtain the displacement y that is associated with the
divergence functions @y and 1/R.

Remedial Measures

The analyst must be prepared to recommend changes that can bring critical or mar-
ginal designs within acceptable limits. The most expedient remedial measures are nor-
mally limited to aerodynamic changes, local stiffness corrections, and restrictions on the
trajectory. In this section some effective ways of improving aeroelastic stability char-

acteristics are illustrated by means of parameter studies and other analytical
considerations.
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Figure 12- Shape of the vehicle in the divergence mode: %= 0.1 % 107 inch™t (0.254 x 107 m_1>.

Changes in aerodynamic characteristics.- Significant changes in the stability index
q /qdiv occur as a result of varying the aerodynamic lift effectiveness. These changes,
shown in figure 13 and 14, are discussed in the following paragraphs.

First-stage fins: Changes in the q /qdiv index due to variations in the first-stage-
fin lift-coefficient derivative are presented in figure 13. The curves indicate that the
stability index ¢ /qdiv can be improved by increases in the first-stage fin-lift effective-
ness. However, it should be noted that only trivial gains can be accomplished in the
regions where the slopes of the curves are low, and the improvement frequently may not
justify the disadvantages of excessively large fins. An upper bound to fin size normally
exists because of fin flutter characteristics, fin drag, and weight. When such limitations
are encountered, the analyst must employ other corrective measures.

It is interesting to note that the findings for the SV-144 research vehicle indicate
that the first-stage fins are more than adequate to satisfy the stability criterion and that
the trajectory could be more nearly optimized by reducing the first-stage fin size and,
consequently, the fin drag and weight. For example, based on the criterion of
q /qdiv = 0.5, a reduction in fin size of 30 percent, corresponding to a nominal fin lift
ratio of 0.7, would still yield an acceptable value of q/qdiv = 0.4. However, any fin lift
reductions beyond this point would be undesirable because of the rapid degeneration in
stability with small decrease in fin lift, which is indicated by the high slope of the curves.
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From figure 13 it is apparent that
a /qdiv is highly sensitive to variations in
the aerodynamic coefficient ratios between
0.6 and 0.7. If confidence is to be main-
tained in stability margins for designs
falling in ranges where the curves are
becoming vertically asymptotic, it is evi-
dent that accurate aerodynamic data are
needed. In such cases, data such as those
of figure 13 can be useful as justification
for actual wind-tunnel measurements.
However, for designs falling on the por-
tions of the curve becoming horizontally
asymptotic, accuracy of aerodynamic data
becomes less important.

The effect of second-
stage-fin lift effectiveness on aeroelastic
divergence for the SV-144 research vehicle
can also be seen in figure 13. Observe
from the lower curve that for first-stage-
fin lift ratios less than 0.67, the second-

Interstage fins:

stage fins produce the reverse of the nor-
mally expected trend, that is, the second-
stage fins have a destabilizing effect.
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Figure 13.- Variation of q/qdiv for various ratios of the
first-stage nominal fin aerodynamic characteristics.

Recall that aeroelastic divergence becomes increasingly critical with decreasing static
margin. In this case, the second-stage fins of the SV-144 research vehicle are located

forward of the aerodynamic center of pressure during first-stage flight and therefore
tend to reduce the static margin. However, for values of (Cp, a,S)l / (C1, aS)l q greater

than 0.67, this disadvantage is outweighed by the advantage of providing a more uniform
load-carrying system and thus reducing elastic deformations (that is, the second-stage
fins act as an intermediate support for carrying inertia loads as the center of gravity

moves forward). However, for fin lift ratios less than 0.67, the second-stage fins pro-

duce such radical changes in the aerodynamic center of pressure that the loss in static
margin for stability outweighs the advantages of structural support.

In many cases, the margin against divergence may be improved by considering
changes in interstage-fin lift characteristics. However, the analyst must again consider
the problems that may accompany these changes, such as downwash effects, flutter bound-
aries, increased drag and weight, and severe reductions in static margin.
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1.2

Forward lifting surfaces: A
further effect of lift distributions
1.0 on divergence is shown in fig-

ure 14, The curve illustrates

J changes in the q /qdiv index with
.8 > amplification of nominal lift dis-
tributions over the flare adapters
(frustum) between the third and

-6 / fourth stages and between the

/954

fourth stage and payload for the
SV-144 research vehicle. Note

- / that aerodynamic load magnifica-
/ tions in excess of 2.25 produce
/ high slopes for the q/qdiv curve,
= > which indicate a rapid degenera-
tion in stability. Similar results
would be expected for increased
i3 2.0 TS T TR lift over the nose or some other
forward lifting surface, and the
flare distributions of figure 14
are merely illustrative. In
essence, the data indicate that high
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Figure 14.- Variation of stability index q/qdiv for various ratios of nominal
flare aerodynamic characteristics. lift concentrations over the for-

ward stages of the vehicle give
rise to the aeroelastic divergence problem since the weight and stiffness functions in
these areas are normally minimal due to vehicle performance requirements.

Structural stiffness improvements.- Increasing the structural rigidity of a vehicle
is, of course, a primary consideration for improving aeroelastic design. Flexibility
effects become increasingly important in the design of vehicles with large slenderness
ratios.

The curves of figure 15 indicate the stability sensitivity of the specific vehicle with
increased flexibility. The upper curve illustrates stability degeneration, as shown by the
increased slope of the q/d4;, CUrve, for stiffness ratios less than 0.4 for the upper
three stages. Similar stiffness reductions over only the third and fourth stages have less
effect on q/qdiv’ as would be expected. These curves illustrate the potential increase in
q /qdiv that could result with reductions in stiffness. For vehicle designs less conserva-
tive than the SV-144 research vehicle, radical changes in q/q4;, ratios might fre-
quently result with only moderate stiffness reductions.
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Figure 15.- Variation of stability index q/qdiv for various ratios of nominal stiffness
distributions for the upper stages of the conceptual SV-144 research vehicle.

The results of figure 15 indicate that divergence may be avoided by increasing the
structural rigidity of the vehicle. This procedure is most effective when the slope of the
q /qdiv curve is high. In the regions where the slope of the q/qdiv curve is low, the
improvement may not justify the disadvantage of increased weight or additional structural
design modification. When extreme local flexure is apparent from structural test obser-
vations or poor joint design is evident, structural redesign measures become practical
and significant improvements can be made. The technique of improving the structural
stiffness is often employed by the analyst in avoiding divergence problems. For example,
Thomson (ref. 2) used this approach in an attempt to achieve successful flight by stiff-
ening the second stage of a two-stage vehicle that was found to be divergent.

Alteration of mass characteristics.- Another procedure for avoiding divergence is
to alter the mass characteristics in order to increase the static margin. By moving the
center of gravity a significant distance forward of the aerodynamic center of pressure, a
greater aerodynamic restoring moment is obtained. However, this procedure is generally
prohibited because of adverse effects on performance, particularly during the upper
stages of flight.

Changes in the flight trajectory.- Most remedial measures will alter the vehicle
performance to some degree. However, in some cases the most expedient method for
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avoiding divergence may be to reduce the maximum dynamic pressure. For vehicles that
are not normally launched verAtically, the dynamic pressure may be significantly reduced
by increasing the launch angle. Also, the flight dynamic pressure may be lowered by
reducing the thrust levels, by the prudent use of coast periods, and by the addition of
ballast.

CONCLUDING REMARKS

A finite-difference recurrence method is presented for theoretically analyzing the
aeroelastic divergence behavior of unguided, slender-body launch vehicles. The method
has been found to be rapid, accurate, and economical for obtaining the numerical solution
for the divergence dynamic pressure on digital computer systems.

Comparative studies show good agreement between the recurrence solution and a
discrete element matrix method. The significance of the secondary influences of thrust
and aerodynamic crossflow on the aeroelastic divergence behavior is investigated, and
it is concluded that for most practical applications they can be ignored.

The analysis is applied to a typical research vehicle for which necessary input data
and detailed output data are provided.

Prudent alterations to aerodynamic and stiffness characteristics are effective meas-
ures to bring marginally stable vehicles within the bounds of accepted stability criteria.
Other effective remedial measures include ballasting and modifications to the flight
trajectory.

Langley Research Center,
National Aeronautics and Space Administration,
Langley Station, Hampton, Va., October 19, 1966,
124-11-05-30-23.
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APPENDIX

SUPERPOSITION OF BOUNDARY CONDITIONS AS
APPLIED TO THE RECURRENCE SOLUTION

The validity of superposition in the theory of linear equations is readily realized
for independent and additive treatment of nonhomogeneous terms; however, the validity
of superposition of boundary conditions is not so clearly apparent. Since the method
presented in this paper is based on superposition of the lower boundary conditions, it is
important that the validity of this procedure be fully established.

The recurrence relationship for the homogeneous system is given by equation (26),

o))

At the lower boundary, where n=a at x = x,, equation (Al) becomes

(Kaun) = [Baun)fxa) 42

The column matrix {Xa} for the general case defines the lower boundary condi-

¢ for convenience:

tions dependent upon the values assigned to the variables Vg, o, Mj, and 1/R. Thus,
a general expression for the solution at the lower boundary can be written as

{X’Fa} ) aa{Xa}A ' lﬁ{xa}B ' Va{xa} ¢ Ma{X%D (8)

where the subscripts A, B, C, and D denote the form of the boundary-value vector
X, associated with the single unit values of oy, 1/R, Vg, and Mjy, respectively. For
example, the A solution for the general case applies for the unit boundary relationship
where oy =1 when 1/R = Vy = M, = 0. By separate substitution of the appropriate
boundary relationships for the aforementioned solutions designated A to D in equa-
tion (16), the generalized lower boundary vectors are obtained as
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0

APPENDIX

Substituting equation (A3) into equation (A2) gives

o= ) 1), i) ()

Equation (A5) will then provide the desired solution for the variables at x =x
For n=a+ 1, equation (Al) becomes

(Kar2) = [Sara]{Fart)
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APPENDIX

Substituting equation (A5) into equation (A6) yields

N NSRE ORI Y

It can be seen that if this process is repeated the recurrence equation will take the
form

ORI AR S )

(A8)

Thus, it is evident from equation (A8) that the solution at any established station
along the length of the beam can always be written in terms of the sum of the appropriate
lower boundary conditions.
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